Photons are the ideal carriers of quantum information for communication 1, 2 . Each photon can have a single or multiple qubits encoded in its internal quantum state, as defined by optical degrees of freedom such as polarization, wavelength, transverse modes and so on 3, 4 . However, as photons do not interact, multiplexing and demultiplexing the quantum information across photons has not been possible hitherto. Here, we introduce and demonstrate experimentally a physical process, named 'quantum joining', in which the two-dimensional quantum states (qubits) of two input photons are combined into a single output photon, within a four-dimensional Hilbert space. The inverse process is also proposed, in which the four-dimensional quantum state of a single photon is split into two photons, each carrying a qubit. Both processes can be iterated, and hence provide a flexible quantum interconnect to bridge multiparticle protocols of quantum information with multidegree-of-freedom ones, with possible applications in future quantum networking 5 .
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The emerging field of quantum information technology is based on our ability to manipulate and transmit the internal quantum states of physical systems, such as photons, ions, atoms, superconducting circuits and so on 1, 6 . Recently, in photonic approaches 2, 7 much research effort has been devoted to expanding the useful Hilbert space, either by increasing the number of involved photons 8 or by exploiting different degrees of freedom of the same photon, such as polarization, time bin, wavelength, propagation paths and orbital angular momentum [9] [10] [11] [12] [13] [14] [15] [16] . Hitherto, however, these two approaches could not be combined in a dynamical way, that is, the number of qubits encoded per photon once defined at the start of a process could not be modified during the subsequent processing. Here, we introduce two novel quantum manipulation processes, namely 'quantum joining' and 'quantum splitting', that can be used to bridge these two approaches dynamically by varying the number of qubits while keeping the overall quantum information constant.
Quantum joining is here defined as the physical process by which the internal quantum state of two particles (for example, photons) is transferred into the four-dimensional internal quantum state of a single particle (photon). In the language of quantum information, two arbitrary input qubits attached initially to separate particles are transferred into a single particle, where they are encoded by using at least four independent states (that is, a single-particle 'qudit'). For example, let us assume that initially we have two photons, labelled 1 and 2, with independent polarization quantum states (that is, carrying polarization-encoded qubits), as follows:
where H and V denote the horizontal and vertical linear polarizations, respectively. The initial two-photon state can then be written as the product
Quantum joining the two photons corresponds to transforming this state into the same linear combination of four orthogonal singleparticle states of the outgoing photon 3:
where |0l, |1l, |2l, |3l denote four orthogonal states of the photon. These four states can be used to define a four-dimensional logical basis of a 'qudit' carried by the photon. Of course, we cannot use the sole two-dimensional polarization space for the outgoing photon. One possibility is to use two spatial modes combined with the two polarizations. Figure 1a illustrates the quantumjoining concept graphically. More generally, the joining process should work even for entangled quantum states, both internally entangled (that is, the two particles are entangled with each other) and externally entangled (the two particles are entangled with other particles). In the first case, the four coefficients obtained in the tensor product ag, ad, bg, bd are replaced with four arbitrary coefficients a 0 , a 1 , a 2 , a 3 . In the second case, the four coefficients are replaced with four kets that represent different quantum states of the external system. We note that in terms of information content, the quantum joining has no effect: we have two qubits initially and the same two qubits at the end. This is fully analogous to the case of quantum teleportation, in which the information content is unchanged but there is an important physical transformation in the information localization [17] [18] [19] . The feasibility of quantum joining with photons and of its inverse, quantum splitting, is a question of clear fundamental interest, because photons do not interact, or interact very weakly, in nonlinear media. Therefore, there is no straightforward way to transfer the quantum state from one photon to the other. The solution we adopt here is based on the Knill-Laflamme-Milburn (KLM) approach to quantum computation with linear optics 20, 21 . Indeed, a qubit transfer from a particle carrier to another can be realized by the application of a single controlled-NOT (CNOT) logical gate. To this purpose, the photon that carries the qubit initially must be sent in the CNOT control port c and the destination photon in the target one t. The c photon is in the qubit state a|Hl c þ b|Vl c and the t photon is initialized to the logical 0 state |Hl t . After the CNOT, the two photons become entangled in state a|Hl c |Hl t þ b|Vl c |Vl t . A subsequent erasing of qubit c by projection onto an unbiased linear combination state |+l c = (|Hl c + |Vl c )/ 2 √ completes the transfer of the quantum state in photon t. As the c qubit measurement has a probability of 50% of obtaining |þl, the described method is probabilistic, with a success probability of 50% (not considering the CNOT success probability). However, the probability can be raised to 100% by a simple feed-forward procedure, that is by applying a suitable unitary transformation on the t photon if the c measurement yields the orthogonal state |−l = (|0l − |1l)/ 2 √ . In the case of quantum joining, however, we have the additional complication that the destination carrier photon t also transports another qubit that must not be altered in the CNOT process. KLM gates are all based on two-photon interference (that is, the HongOu-Mandel effect (HOM) 22 ), so the presence of the additional qubit makes the two photons partially distinguishable and hence disrupts the gate workings. The solution we found to this problem is based on the trick of initially 'unfolding' the qubit to be preserved into the corresponding superposition of two zeroed qubits travelling within separate modes (say, t 1 and t 2 ) and then acting on both qubits with two CNOT gates that share the same control, as illustrated in Fig. 1b . In this way, each CNOT works with a target photon that carries no additional information, so that interference effects are not disrupted (but certain conditions must hold on the way that the CNOT gates operate when one of the inputs is in a vacuum state, as discussed in Methods). This unfolding step does not correspond to any standard element of quantum circuitry.
In our implementation, we use the CNOT schemes proposed by Pittman et al., based on half-wave plates (HWP) and polarizing beam splitters (PBS) [23] [24] [25] [26] . As the c photon must be erased finally, we can use a single ancilla photon for both gates, and the whole scheme is actually symmetrical for the exchange of the two CNOTs. The overall quantum-joining scheme, shown in Fig. 2 , then requires three input photons, the two to be combined and the ancilla. The initial state of the first two is given by equation (1), in which we identify photon 1 with input mode t and photon 2 with input mode c. The ancilla must enter the set-up along mode a in the H state. The unfolding step corresponds, in our case, to turning the initial polarization-encoded qubit t into a path-encoded qubit in the two spatial modes t 1 and t 2 , and resetting the polarization to H for both. This is obtained simply by a PBS followed by suitable HWPs. As shown in the Methods and Supplementary Information, the subsequent action of the two CNOTs, after the final erasing of the c qubit, brings the target photon into the desired 'joined' state given by equation (2), in which the four output modes are |0l
As the CNOT gates are implemented probabilistically, this joining scheme is also probabilistic. As shown in the Supplementary Information, its theoretical success probability is 1/32 without feed-forward and 1/8 with feed-forward and it does , are merged into output photon 3, which carries both qubits in its four-dimensional internal space. b, Implementation scheme for quantum joining. Each line in this diagram represents a polarization/spatial photonic mode, so that a qubit is represented by two adjacent lines (as in 'dual rail' encoding). In our case, two adjacent lines always correspond to a pair of orthogonal polarization states in a given spatial mode. |cl and |fl denote the qubit states of the two input photons, each using a pair of modes. |cl ⊗ |fl denotes the twoqubit (four-mode) state of the outgoing photon, conditional on detection of one output photon in the logical-zero output port of the Hadamard gate (H). c and t denote the control and target ports of the CNOT gates. c, Inverse scheme for quantum splitting. |10l denotes the state of an auxiliary input photon that is localized in the upper mode, and corresponds to logical 0. The process success is conditional on detecting no photon in the logical 1 output of the two H gates. Figure 2 | Schematics of the photon quantum joining apparatus. Unlike in Fig. 1 , each red line in this scheme is an optical spatial mode that corresponds to two possible photonic states given by orthogonal polarizations. The input photon quantum states are polarization-encoded (horizontal H and vertical V linear polarizations, corresponding to logical 0 and 1 of photonic qubits, respectively) and travel in spatial modes c (control) and t (target). The ancilla photon must enter the set-up in the H polarization state along mode a. The output photon 'joined' quantum state lives in a Hilbert space obtained by combining the two spatial modes t 1 and t 2 and the two polarizations. The PBSs are assumed to transmit the H polarization and reflect the V one. The intermediate and output modes are given the same label in the transmission through each optical component, except for the unfolding step, realized by PBS t , which splits mode t into modes t 1 and t 2 . HWPs oriented at 22.58 implement Hadamard gates in the polarization space. The blue-coloured HWP is oriented at 222.58 so as to be equivalent to aŝ x gate followed by a Hadamard one. PBS ca copies the c photon state onto the ancilla, and PBS at and PBS ct implement the two CNOT gates. Singlephoton detectors (D) are used to filter the useful output. The joining is successful if the output c and a photons are both detected in the H channel and there is one and only one photon in each output channel (c, a, t), an event that occurs with a probability of 1/32. By exploiting all four possible cases in the a and c polarization detection and a suitable feed-forward, the success probability can be raised to 1/8. not rely on post-selection. As for the KLM scheme, in principle, a quasideterministic joining set-up could be obtained by relying on a large number of ancilla photons.
The procedure we describe here can be iterated to join additional qubits to the same photon, in a cascaded set-up (see Supplementary  Information) . The inverse operation of quantum splitting can be implemented in a similar way, as shown in Fig. 1c . Further details about this inverse scheme are also given in the Supplementary Information.
The experimental apparatus is shown in Fig. 3 . The measurements are based on detecting the fourfold coincidences of the trigger and the output modes a, c and t. To test the joining apparatus, we performed quantum joining of c and t photons prepared either in the logical-basis polarization states |Hl, |Vl or in their superposition basis states |þl, |2l. The experimental results are shown in Fig. 4a . For each experimental run, a given state of the two input photons was prepared and the final fourdimensional state of the output photon was measured by projection on all four basis states that belong to the expected joined basis (Fig. 4) . Ideally, we should find non-zero coincidences only when the detected state is the expected 'joined' one, which corresponds to a unitary fidelity. The measured experimental fidelity, averaged over all tested states, was instead F = (75.0 + 1.3)%. The average measured fidelities for each tested basis are shown in the Supplementary Information. All experimental fidelities, both averaged and individual-state ones, were found to be well above the 40% state-estimation maximal fidelity for a four-dimensional quantum state, which shows that our joining apparatus works much better than a measure-andprepare trivial approach. Moreover, we can explain quantitatively the non-unitary observed fidelities by considering that the parametric downconversion (PDC) process does not actually generate perfectly identical multiple photon pairs. Therefore, there is always a finite degree of indistinguishability of the three Figure 3 | Experimental set-up used to implement and test the quantum joining. a, Optical source used to generate the three input photons. Spontaneous PDC in a 1.5 mm thick b-barium borate crystal (BBO) cut for type-II phase matching, pumped by the second-harmonic generation (SHG) of a Ti:Sa modelocked laser, generated two polarization-entangled photon pairs at 795 nm (filtered to 3 nm bandwidth) in modes k 1 and k 2 (ref. 30) . Each mode was then split by a PBS. One of the four photons was detected immediately by an avalanche photodiode (APD) and used as the trigger. The other three were filtered spatially by coupling through single-mode (SM) fibres, have their polarization set by HWPs and enter the joining set-up along input modes a, c and t. b, Joining set-up that corresponds to the layout shown in Fig. 2 . To ensure greater phase stability, the unfolding PBS t was implemented with a 4 cm long calcite crystal, so as to obtain two close parallel paths and to use a single PBS act in the place of PBS ct and PBS at . Delay lines were used for the time superposition of the photons in the PBSs. c, Verification stage used to analyse the output photon state. The analysis in polarization was made with a HWP and a PBS. Superpositions of modes t 1 and t 2 were detected by recombining the two modes in a second calcite crystal and then analysing again in polarization (this step was not needed for pure t 1 or t 2 modes). d, Key to the optical elements. Single-photon count rates were 20-100 kHz, double coincidence rates 200-1,000 Hz, and fourfold coincidences a few per hour. The degree of photon indistinguishability was quantified via HOM dip visibility 22 : we obtained 0.94+0.01 for photons belonging to the same PDC pair and 0.75+0.05 for photons generated in different PDC pairs (see Supplementary Information for details).
photons that affects the final outcome. We developed a detailed model of this effect (see Supplementary Information), whose predictions are shown in Fig. 4b . The agreement between our model and the experiment is evident. More quantitatively, we evaluated the similarity 
between the experimental input/output probability distribution D ij and the predicted one D ′ ij , and obtained S = (94.0 + 0.9)%. This imperfect indistinguishability of the photon pairs is not a fundamental limitation of the joining process and, in principle, we could improve the fidelity by adopting a narrower spatial and spectral filtering of the PDC output, but at the cost of reducing the coincidence rates.
The quantum joining/splitting processes introduced here have interesting application prospects, particularly in the framework of integrated quantum-photonics platforms 27 . One is multiplexing and demultiplexing the quantum information across photons in quantum communication networks 5, 28 . For example, transmitting a cluster of entangled qubits through a high-loss channel, such as an Earth-satellite link, can be done more efficiently by first joining the qubits into fewer photons (multiplexing), transmitting them and then splitting them again (demultiplexing) after reception. Even if the simplest implementations of joining/splitting are not highly efficient, the overall transmission efficiency can still be enhanced because of the exponential scaling in the number of transmitted photons. Another example may be the storing of multiple incoming photonic qubits in a smaller number of multilevel matter registers 29 . Here, a possible advantage could be in the overall rate of decoherence of the stored quantum information, which for entangled states will scale with the number of involved registers. We also envision interesting applications in the study of fundamental issues in quantum physics, such as for generating qudit cluster states or for converting the local properties of a particle into non-local ones by splitting them among separable particles.
Methods
The two photons to be joined are initially in the qubit states given by equation (1), where photon 1 is taken to enter the set-up in the t mode and photon 2 in the c mode. After the unfolding step, the t photon state can be written as follows:
where, for each state in the superposition, we have also included explicitly the vacuum state |Øl of the unoccupied mode. The modes t 1 and t 2 are then treated as separate qubits, each of which must be subjected to a CNOT gate, using the same c qubit as control. The action of the CNOT gate in the polarization encoding of the qubits is described by the following standard rules:
However, in the present implementation of the quantum joining we need to have the CNOT also act on 'empty target qubits', that is, vacuum states of the target mode. For these we assume the following behaviour:
where h is a possible complex amplitude rescaling relative to the non-vacuum case. A unitary CNOT must have |h| ¼ 1, but probabilistic implementations do not have this requirement. The quantum-joining scheme works if the two CNOTs have the same h. In particular, the CNOT implementations proposed by Pittman et al. 23, 24 and used in this work have |h| ¼ 1, so for brevity we remove h in the following expressions.
Let us now consider the entire two-photon input state after unfolding: 
where, in the final expression, we have omitted the vacuum states for brevity. This result is equivalent to that given in equation (2), with a suitable definition of the four-dimensional logical basis (see main text). The c qubit measurement has a probability of 50% of obtaining |þl, so without feed-forward the described method has a success probability of 50%, not considering the CNOT success probability. If the outcome of the c measurement is |2l c , we obtain the following target state:
This state can be transformed back into equation (8) by a suitable unitary transformation. Therefore, the success probability of the joining scheme can be raised to 100% (again not considering CNOTs success probabilities) by a feed-forward mechanism.
